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Inevitable use of different figure-inventories is discussed in the enumeration of non-rigid isomers derived from
2,2-diphenyl-(1) and 2,2-dimethylpropane (2) by means of unit subduced cycle indices (USCIs). Such a parent
non-rigid molecule is divided into a rigid skeleton and mobile moieties. Thus, the molecule (1) consists of a
rigid skeleton of Cgy symmetry, a methyl moiety of Cs, symmetry and a phenyl moiety of Cay symmetry. The
molecule (2) contains a Tq rigid skeleton and a Cs, moiety. The USCIs are used in the first enumeration of
mobile moieties as well as the subesequent enumeration based on a rigid skeleton. A general procedure for

enumerating non-rigid isomers is discussed.

Enumeration of rigid molecules has long been
studied by the Pélya-Redfield theory,!'2 by a method
based on double cosets?, and by a method using tables
of marks.? The relationship between them has been
discussed.?-9 Applications of these methods to various
problems in chemistry have been developed, as
reviewed for the former theory®-? and for the latter
methods.1® Recently, we have applied the Pdlya-
Redfield theory to enumeration of organic reactions,!?
in which we have used different figure-inventories
according to the OMYV (obligatory minimum valency)
restriction of vertices.

Isomer enumerations that take spacial symmetry
into account have recently been developed by using
tables of marks,'? by coupling double cosest and tables
of marks,’® and by combining double cosets and
framework groups.!¥ We have reported a method
using unit subduced cycle indices (USCIs) for solving
this type of enumerations,'® where we have also taken
account of the effect of different figure-inventories in
order to meet the OMV restriction.

On the other hand, enumeration of non-rigid
molecules has attracted less attention than that of rigid
ones, probably because of its complicated nature.
Pélya?d has already mentioned the enumeration of
non-rigid molecules in terms of “coronas’’, which are
equivalent to wreath products. The counting of non-
rigid cyclohexane isomers was discussed by intro-
ducing a ring-flip-rotation operator along with usual
symmetry operations.1® Isomers derived from a non-
rigid ethane were enumerated by means of the concept
of covering groups.'” A generalized wreath product
method was presented for enumerating stereo- and
positional isomeres.1®

We reported a mathematical foundation for the
application of the USCIs to the systematic enumera-
tion of non-rigid isomers.’® This enumeration took
account of spacial symmetries of isomers; however, it
was restricted to the cases in which a single figure-
inventory is taken into consideration. As a continua-

tion of the work, the present paper will deal with a
further extension of the USCI approach by using 2,2-
diphenyl and 2,2-dimethylpropane as examples. In
particular, we will discuss additional cases in which
two or more figure-inventories should be used.

Results and Discussion

Rigid Skeleton and Mobile Moieties of a Non-Rigid
Parent Molecule. In order to enumerate isomers, a
non-rigid parent molecule is regarded as a three-
dimensional object that has terminal substitution
positions. These positions can be chemically classified
into several equivalence classes. Although this
classification should be discussed by using wreath
products? and generalized wreath products,® we here
adopt a more intuitive approach which is suitable for
the application of USCIs. In the present paper, we
take account of the non-rigidity that comes from bond
rotations and not from tortions.29

A non-rigid moelcules is considered to be divided
into a rigid skeleton and mobile moieties. For
example, 2,2-diphenylpropane (1) is divided into three
parts (1a, 1b, and 1c) as shown in Fig. 1. Note that free
bond-rotations are considered to be allowed in this
compound. The rigid skeleton (la) of Cy, symmetry
has four roots (@ and @) to which the mobile moieties
attach. The mobile moiety (1b) of Cz, symmetry
consists of such a root (®) and 3 substitution positions

CallCs)  CafiCs)  2GpWliCs)
/
: 1a b CZV(CZV)
1c
Fig. 1. A Ca[(/Cs)[C3y(/Cs)], (/C’s)[Cav(2/Cs,Cav)]]
molecule.
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(O). The mobile moiety (1c) of Cy, symmetry contains
the root (@) and 5 substitution positions (O). The other
positions of these parts are not taken into considera-
tion.

In the light of this formulation, the rigid skeleton
(la) is invariant on any chemical bond-rotations
around the bonds contained in the skeleton. More-
over, the mobile moieties (1b and 1c) are allowed to be
regarded as rigid objects, since they are also invariant
on any bond-rotations. Hence, the previously de-
veloped method® for enumerating rigid molecules are
applicable to the present case. The roots (® and ®) are
thus considered to be substitution positions and
divided into two equivalence classes, which are called
orbits in terms of the terminology of permutation
groups.2l-22 The 3 positions of 1b and the 5 positions
of 1c are also divided into several orbits.

Each of the orbits corresponds to a coset representa-
tion (CR), G(/G,) in one-to-one fashion, where G is a
(point) group for characterizing the symmetry of such
a rigid skeleton or a mobile moiety and G; is a
subgroup of G.1® A table of marks for the G-
symmetry?® is used for assigining an orbit to a
CR(G(/G))).

The four roots of the rigid skeleton (la) construct
two orbits that are subject to CRs, C,(/C,) and
Cy(/Cy), respectively. This fact can be formulated as

P.= CZv(/Cs) + C2v(/C,s)~ (1)

The three substitution positions (O) of the mobile
moiety (1b) belong to an orbit governed by a CR,
C3V(/ Cs)

The mobile moiety (1c) has five vertices to be
considered (O). Since this unit belongs to C,,-
symmetry, they are classified into three orbits that are

SubjeCt to sz(/Cs)) sz(/Cs): and sz(/C2v). This
assignment is algebraically represented by
Plc = 2C2v(/Cs) + C2v(/c2v)» (2)

the determination of which can be accomplished by
using the table of marks,!® where P, is a permutation
representation of the C,, unit (Ic). As a result, the
non-rigid molecule (1) is represented by the symbol,
Caol (/CIHCs( /G, (/C)C2u(2/C5,Cyy)]], to which we
refer as an extended wreath product (EWP) notation in
the present paper.

Enumeration of Mobile Moieties. The formula-
tion described in the previous section allows us to
apply the method using unit subduced cycle indices
(USCIs) (Appendix 1), since a mobile moiety can be
considered to be rigid. Tables 1 and 2 list USCIs for
C,, and Cs,. The table of USCIs for T, group has been
reported elsewhere.19

For the purpose of illustrating the enumeration of
mobile moieties, let us work out a Cy(/C;) mobile
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Table 1. USCIs for Cg Point Group
Unit subduced cycle index?® for
ICI 1C2 1Cs 1C/s 1(:3v
Ca(/C1) st (b)) s3(B3)  s3(ch)  sE(cD sal(cq)
Ca(/C2) s2(b%)  sE (b s2ce s2(c2) sz (c2)
Ca(/Cs) s2(b%)  s2(b2) 5% (ad) sz (c2)  s2 (a2)
Ca(/C’)  s3(bY)  s2(ba) sa(c2) s2(ad)  s2(az)
C2v(/C2v) S1 (b1) S1 (bl) S1 (al) S1 (al) S1 (a1)

a) A variable in the parentheses isa USCI with chirality
fittingness.

Table 2. USCIs for Cs, Point Group

Unit subduced cycle index® for

1Cy 1Cs ICs 1C3y
Cs/(/Cn) s§ (89 53 (c3) s3 (b3 s6 (ce)
Cs/(/Cs) s3(b3) 5152 (aice) s3 (b3) s3 (as)
Ca.(/C3) 52 (b%) s2 (c2) 52 (b?) s2 (c2)
Cai(/Csv) s1(b1) s1 (a1) s1 (b1) s1(a1)

a) A variable in the parentheses isa USCI with chirality
fittingness.

moiety (1c). Suppose that the five positions of 1c¢ are
occupied by either X or Y. Then, the codomain of the
present case is X={X, Y}. The domain containing the
five positions is designated by ¥={1,2,3,4,5}, which is’
divided into three orbits,

Y1 = {1,2} subject to Cau(/Cs),
Y2 = {3,4} subject to Ca(/Cs), and
Yz = {5} subject to Cay(/Cay),

according to Eq. 2. Lemma 1 (Appendix 1) affords the
SCIs for this case, where these are obtained from the
Co(/Cy) (twice) and Cyy(/Cy,) rows of Table 1. Intro-
duction of a figure inventory, s;=X%+Y?, into these
SCIs provides generating functions,

(sH%s, = (X + Y)® for C,, (3)

(59)%s1 = (X + YV)(X2 + Y?)? for G, (4)

(sH%, = (X + Y)® for C, (5)

(59)%sy = (X + Y)(X2 + Y?)? for C/y, (6)
and

(59)%1 = (X + Y)(X2 + Y2 for Cy, 7

Note that a single figure-inventory is used in this case,
since all of the five positions are monovalent. These
equations are expanded to give a matrix (p,,) as the
coefficients of respective terms. According to Lemma 2
(Appendix 1), this matrix is in turn multiplied by the
inverse of the mark table of Cy,. Thereby, we arrive at
the following matrix expression,
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X5 1 111

4 ! 10000
XsY 51511 1100 0
X3y? 10 2 10 2 2 i 1 _

-:0 5 00 =
X2y3 10 2 10 2 2 . 1
-£0 0 £ 0
XY4 5 l 5 l ]. l _1 __L _l l
Y5 11111 Bor R
(0%) the inverse
C1 C2 Cs C’SCZV
X5 00 0 0 1
XY 0 0 2 0 1
X8y? 0 0 4 0 2
X?%Ys 00 4 0 2 ®)
Xy 0 0 2 01
ys 00 0 0 1
(B,,)

The resulting matrix affords the numbers of respective
moieties, which are depicted in Fig. 2. The set of
symbols (m of @ and n of O) in Fig. 2 corresponds to
XmY"and X"Y™. All of the mobile moieties collected in
Fig. 2 are achiral.

In a similar way, we enumerated mobile based on
1b, where we used the table of USCIs for Cs, group.
Since X and Y were taken as substituents, there
appeared only achiral moieties. If we use three kinds
of substituents, we have a chiral moiety in addition of
achiral ones, as shown below.

Enumeration of Non-Rigid Isomers. A rigid skel-
eton such as la has several orbits as a result of
displacement by different sets of mobile moieties. This
situation inevitably requires the use of different figure-
inventories with respect to the respective orbits. In this
case, the figure-inventories are determined by the
preceding estimation of mobile moieties. Assignment
of different figure-inventories to two or more orbits has
been discussed in previous papers,!? in which an OMV
restriction controls the determination of figure-
inventories. Although the two cases have different

X4y xyh
Coy

s
oo o seox

Coy Cov

0 v5

o

Fig. 2. Mobile moieties based on lc.
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chemical meanings, they can be mathematically
manipulated in the same line (Appendix 2), except
that the present case uses figure-inventories calculated
by preceding enumerations.

Let us examine the parent 1 with substituents
selected from {X, Y}. Since this case produces no chiral
mobile moieties, we can obtain the same result,
whether we use Lemma 3 or Lemma 4 (Appendix 2). A
figure inventory for 1cis obtained in the light or Eq. 8,
where the values in each row of the right-hand matrix
are summed up to give the coefficient of the corre-
sponding term. Thus, we have

=1 for w;= X® and Y?®
ke § = 3 for w; = X*Y and XY* 9)
=6 for w;= X3Y% and X?Y%

According to Lemma 4 (Appendix 2), we obtain the
figure-inventory,

s = X5 + 3(X*y)
+ 6(X3Y?)? + 6(X2Y?)? + 3(XY*4)? + Y™ (10)

for 1c.

A figure inventory for 1b can be obtained by a similar
enummeration as described in the previous section.
Alternatively, we can easily obtain the same result,
because there are four patterns of substitutions (X3,
X2Y, XY?, and Y?) on the basis of the basis of the
mobile moiety (1b).

s$ = X% + (X?Y) + (XY?)! + Y™
for 1b.

(11)

The four vertices of the rigid skeleton (1a) are divided
into two categories which are subject to Cq,(/C,) and
Co,(/C,), as characterized by Eq. 2. Hence, the above
figure-inventories are introduced into SCIs which are
derived from the C,,(/C;) and C,,(/C’,) rows of Table 1
(Lemma of Appendix 2). Thereby, we obtain

(sHP(sH® = (X3 + XY + XY? + Y37
X (X® 4 3X*Y + 6X°Y? + 6X%Y® + 3XY* + Y°)?
for C,,

(12)

(s9)P(s2)® = (X® + X*Y? + X?Y* + Y°)
X (X1 + 3XBY? + 6X°Y* + 6X*Y® + 3X2Y® + YY) (13)
for C,,

(sHP(s)® = (X® + XY + XY? + Y3)?
X (X1 + 3XBY? + 6X°Y* + 6X4Y® + 3X2Y® + YY) (14)
for C,,
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(32)(1)(5%)(2) e (XG + X4y? + X2y4 + YG)
X (X5 + 3X'Y + 6X3Y2 + 6X2Y® + 3XY* + Y5)2

for C’,, and

(15)

(s9)P(s9)® = (X® + X*Y? + X?Y* + YF)
X (X + 3X8Y2 + 6X°Y* + 6X*Y® + 3X?Y® + Y™) (16)
for C,,,

in which superscripts (1) and (2) denote the Cy(/C)
and Cy(/C’,) orbits, respectively. Note that we apply
the different figure-inventories to the respective orbits.
Expansion of these generating functions and collec-
tion of the terms of the same power give a matrix
involving the values of 6. This matrix is multiplied
by the inverse of the mark table of C,,, i.e.,

Cl CZ Cs C,s C2v
X 1 1 1 1 1
xXwy 8 0 2 6 0
X1y? 36 4 6 22 4 £ 0000
x3y3 112 0 10 54 0 -+ 42000
x12y4 264 10 18 100 10 40 1 00 =
Xiys 496 0 26 146 0 200 0
Xys | 764 16 34 178 16 L-4-4-41
XY | 986 0 42 194 0 the inverse
X8Y® 1070 18 42 198 18
(ogi)
C‘l CZ Cs C/s C2v
X6 0 0 0 0 1
X»y 0o 01 3 0
x1y? 3 01 9 4
X18ys 12 0 5 27 0
X2y+ | 39 0 4 45 10 | . (17)
X1ys 81 0 13 73 0
Xx1oys 142 0 9 81 16
X%y’ 187 0 21 97 O
X8y® 212 0 12 90 18

(A s’p)

Since the X"Y” and X"Y™ terms afford the same results,
Eq. 17 lists the values of the X™Y” term (m=n).

Figure 3 depicts 17 X*Y2-isomers having the sub-
symmetries of the Cy,-symmetry, in which the symbol
(O) denotes a Y-substitution and the remaining 14
positions are occupied by X. Thus, there emerge 3 C;
(asymmetric) molecules, one Ci-molecule, 9 C’; mole-
cules and 4 Cy,-molecules in accord with the data listed
in the 3rd row of the rightmost matrix in Eq. 17. Note
that these symmetries are concerned with the subduc-
tion of the rigid skeleton (la). For a more detailed
description, they should be denoted by EWP symbols.

Enumeration Involving Chiral Mobile Moieties. The
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Fig. 3. X“Y2-isomers based on 1.

L

TqUGy) GuiCs)
2a 2b

Fig. 4. Enumeration based on 2,2-dimethylpropane

(2).

enumeration described in the previous section involves
achiral mobile moieties only, where we have used
Lemma 4. On the other hand, we should use Lemma 3
in the case that involves chiral mobile moieties in
addition to achiral ones. This section is devoted to
giving a typical procedure for utilizing Lemma 3. Let
us work out an enumeration based on 2,2-dimethyl-
propane (2), which involves a participation of a chiral
mobile moiety. We consider 12 substituents selected
from a domain, X={X, Y, Z} to occupy the 12 positions
of 2,2-dimethypropane (2).

Step 1 is the decomposition of 2 into a rigid skeleton
(2a) and a mobile moiety (2b) as shown in Fig. 4.

Step 2 is the classification of the vertices (substitu-
tion positions) of each mobile moiety (i.e., 2b in this
case) into orbits and the assignment of coset representa-
tions (CRs) to the orbits. This assignment has been
described in the previous sections. Thus, the vertices
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of 2b are subject to Cs,(/C;).

In Step 3, we construct the SCIs for this case, using
the Cg,(/C,) row of Table 2. When we introduce a
moiety-figure inventory, s;/=X%+Y%+Z¢ into these
SCIs, we have generating functions for p,, i,e.,

$3S=(X+Y+ 22 for C,, (18)

s = (X + Y+ Z)X2+ Y2+ 7% for C,, (19)
55 =X+ Y + 2 for G, (20)
and

s3= X3+ Y3+ Z8 for G, (21)

There equations are expanded to afford a matrix (p,).
In Step 4, the matrix (pg) is multiplied by the
inverse of the mark table of Cs,, i.e.,

C C, G Gy
X3 111 1
X2y 3100
Xy? 310 0
Y3 111 1 1000
X%z 31 0 0 1100
XYz 6 0 0 0 Lo 1o |~
Y?Z 31 0 0 o111
X7z 3 100 the inverse
Y2 3 1 0 0
7 11 1 1
(Peq)
C C GGy
X3 00 0 1
X2y 01 00
Xy? 0100
Y3 00 0 1
X%z 0100 | (9
XYz 1 000
Y?Z 010 0
X272 01 00
Yz 0100
7 00 0 1
(B,)

The matrix obtained indicates that there appear three
types of mobile moieties shown in Fig. 5. Note that
the XYZ-moiety is chiral.

Step 5 is the construction of figure inventories.
Application of Lemma 3 to the data of Eq. 22 yields
the following inventories:

Use of Different Figure-Inventories
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C\?/o

3323wy xvZ xvz
X2z, x7%
vz, v72
Cav Cs G
\—"V\/ )
achiral chiral

Fig. 5. Mobile moieties derived from 2b.

a;= X% + (X2Y)! + (XY?)¢ + Y™

+(X2)! + (Y22) + (X2 + (Y2 + ZX%,  (23)

by = XM + (X2Y)? + (XY?)¢
+ Y¥ + (X22)? + (Y2Z)?
+ (X227 + (YZ2) + 78 + 2(XYZ)°,

and

ca= X% + (X2Y)d + (XY
+ Y3 + (X2Z)! + (Y2Z)!

+ (X227 + (YZ2) + 78 + 2(XYZ)". (25)

Step 6 is the construction of SCIs for a rigid skeleton
(i.e., 2a in this case). Since the four vertices (roots) are
subject to T4(/Cs,), we select the USCIs with chirality
fittingness appearing in the T4(/Cs,) row of a table of
USCIs.1®  After introducing the above figure inven-
tories into the SCIs, we obtain generating functions:

b= (X®+ X?Y + XY2+ Y3
+ X274+ Y?Z + XZ7* + YZ® + 7% + 2XYZ)*

for C,, (26)

b3 = (X® + X*Y? + X2Y* + ¥*
+ X422 + Y22 + X224+ Y2 + 28 + 2XPYPZR)

for C,, 27)

afe; = (X3 + X2Y + XY? + 1°
+ X2Z + Y7 + XZ% + YZ® + 728
X (X8 + X4Y? + X2Y* + YO + X*72 + V22
+ X274 + Y224 + 78 + 2X2Y?Z?)
for C,,
bibs = (X% + X%Y + XY2 + V?

+ X2Z + Y2 + X2 + YZ* + 2% + 2XYZ)
X (X® + XOY® + X°Y® + Y° + X°Z° + Y°78
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+ X°Z8 + Y°Z8 + 20 + 2X°Y°Z3)

Shinsaku FujiTa
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collected. In the present case, the terms are classified
into 19 types, which are designated by a type index

for Gy (29) [l,m,n] for X'Y™Z", X™Y"Z' and so on. The terms of the
o= X 4+ XYt + X4V 4 Y 4 Xoz8 same type ha.lve equal coefficients. .Table 3 collects
such coefficients for each type index and each
+ Y874 + X478 + Y*Z8 + 7'% 4 2X*y*z¢ subsymmetry of T,
for S, (30) Step 7 is the multiplication of Table 3 by the inverse
of the mark table for Ty!® The resulting matrix
b, = X2 + X8Y* + X*Y® + Y2 + X874 (Table 4) shows the number of isomers of each type
and each subsymmetry.
874 4 Y4 8 ZlZ X4 474 . K . A .
TV XZ VI I8+ 22X Figure 6 depicts [9,2,1]-isomers, each of which is
for D; and T, (31)  denoted by the symmetry of the corresponding rigid
o2 ro ] skeleton.
af = (X* + X*Y? + X*Y* + V' The total values at the bottom of Table 4 are
+ X472 + Y472 + X224 + Y24 + 29
for C,, (32) Table 3. Coefficients for Enumeration
Index C; C2 C C3 S4 D2 Coy C3 D T Ta
@83 = (X + X?Y + XY? + Y
12000 1 1 1 1 1 1 1 1 1 11
+ X2+ Y2+ X2+ Y72+ 73 [11,1,0] 4 0 2 1 0 0 O 1 0o 0 O
[10,20] 10 2 4 1 0 0 2 1 0 0 0
X (,X9 + X6y® 4 X3y 4 Y° 4 X878 4 Y°78 [10,1,1] 20 0 2 2 0 0 0 0 0 0 0
376 3 [9300 20 0 6 2 0 0 O 2 0 0 O
X2+ Y2+ 1) [921] 52 0 6 1 0 0 O 1 0 0 O
for Cs, 33 [840] 3 3 7 1 1 1 3 1 1 1 1
[831] 100 0 6 1 0 0 O 1 0 0 O
and [822] 138 6 14 0 0 0 2 0 0 0 O
[750] 40 0 8 1 0 0 O 1 0 0 0
w12 4 wBvh 4 ” [741] 152 0 8 2 0 0 0 0 0 0 0
4, = X"+ XY+ X+ Y [732] 2% 016 1 0 0 0 1 0 0 0
+ XB87% + V874 + X478 + Y478 + 712 [660] 4 4 8 2 0 0 4 2 0 0 O
[651] 184 0 8 1 0 0 O 1 0 0 O
for Dy, and for T,, (3%) [642] 364 82 1 0 0 4 1 0 0 0
[633] 448 016 4 0 0 O 2 0o 0 O
. [ 5,52] 408 0 20 0 0 O O 0 0 o0 O
according to Eqs. 47 and 48. These equations are [543] 5864 020 2 0 0 O O O O O
expanded and the terms of the same powers are [444] 682 10 30 4 2 2 6 0 O 2 O
Table 4. Number of Non-Rigid Isomers Derived from 2
. Number of isomers of
Typeindex ¢« ¢, ¢, € S D: € Cn Du T T, rowl
[12,0,0] 0 0 0 0 0 0 0 0 0 0 1 1
[11,1,0] 0 0 0 0 0 0 0 1 0 0 0 1
[10,2,0] 0 0 0 0 0 0 1 1 0 0 0 2
[10,1,1] 0 0 1 1 0 0 0 0 0 0 0 2
[ 9,3,0] 0 0 1 0 0 0 0 2 0 0 0 3
[ 9.2,1] 10 2 0 0 0 0 1 0 0 0 4
[ 8,4,0] 0 0 2 0 0 0 1 0 0 0 1 4
[ 83,1] 30 2 0 0 0 0 1 0 0 0 6
[ 8,2.2] 2 1 6 0 0 0 1 0 0 0 0 10
[ 7.5,0] 0 0 3 0 0 0 0 1 0 0 0 4
[ 7.41] 4 0 4 1 0 0 0 0 0 0 0 9
[ 7.3,2] 70 7 0 0 0 0 1 0 0 0 15
[ 6,6,0] 10 0 0 0 0 2 2 0 0 0 5
[ 6,5,1] 6 0 3 0 0 0 0 1 0 0 0 10
[ 6,4,2] 10 1 8 0 0 0 2 1 0 0 0 22
[ 6,3,3] 15 0 6 1 0 0 0 2 0 0 0 24
[ 5,5,2] 12 0 10 0 0 0 0 0 0 0 0 29
[ 54,3] 19 0 10 1 0 0 0 0 0 0 0 30
[ 4,4,4] 21 0 12 1 1 0 3 0 0 1 0 39
Total 411 9 333 19 1 0 36 72 0 1 9 891
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alternatively calculated in the light of Lemma 6 and
Corollary 3 (Appendix 3). Thus, Lemma 6 for this
case yields a row vector (114,112,92X11,11%,11,11,92,
9211,9). According to Corollary 3, this vector is
multiplied by the inverse of the mark table for T, to
afford (411,9,333,19,1,0,36,72,0,1,9), each value of
which is identical with that obtained by the summa-
tion of each column of Table 4.

The total value of each row of Table 4 can be
alternatively obtained in the form of a generating
function (a cycle index) if we apply Theorem 2 to the
present case. The cycle index (CI) of this case is given
as

SN AW, = (1/24)b4 + (1/8)b}
]

+ (1/4)a%c, + (1/3)b,1bg + (1/4)cy, (35)
into which Egs. 23 to 25 are introduced.

For calculating non-rigid isomers containing at
least one chiral moiety, Corollary 2 sould be applied to
this case. A similar procedure as above affords Table
5.

For illustrating the result of Table 5, several selected
examples are depicted in Fig. 7.

Note that the point groups assigned in Fig. 7 are
concerned with the rigid skeletons, not with the

Nl )9
A 7 A

Gy Cs

Fig. 6. Isomers with the index[9,2,1] based on 2.

Table 5.
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molecules themselves. For example, the [6,3,3], Cs-
isomer in Fig. 7 belongs to Cs-point group. On the
other hand, the other isomers are restricted within C,
point group, even if they have conformations of the
highest symmetries. The [4,4,4], T-molecule belongs
to D, symmetry, strictly speaking. In contrast to this, a
full symmetry is realized in the [4,4,4], S4-molecule.
Several remarks have been made on such problems.?®

Conclusion

Unit subduced cycle indices (USCIs) are applied to
the enumeration of non-rigid molecules such as 2,2-
diphenyl- and 2,2-dimethylpropane. Non-rigid mole-
cules are regarded as a combination of a rigid skeleton
and mobile moieties. This formulation allows us to
treat non-rigidity in the same line as rigid molecules,
since both the rigid skeleton and the mobile moiety

Glhonl G4l cl633]
Q,0 Q ol
Q 0 Q- Q
o>" o o7 N
0{5"\ Q O/d'\ Q
T [4,4,4] s, [4,4,4]
Fig. 7. Selected isomers with chiral moieties based
on 2.
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can be treated as rigid. Several propositions useful for
isomer enumeration are presented.

Appendix 1.

Enumeration of Mobile Moieties. A mathematical treat-
ment is essentially the same as described for rigid molecules
in a previous paper.’® Suppose that a given moiety of H-
symmetry consists of several atoms whose symmetrical
properties are characterized by a permutation representation
(Py). Then, Py can be reduced into the sum of coset
representations, i.e.,

Py = Sly,H(/H,), (36)

p=l1

where the symbol H,, (p=1,2,..., cy) denotes a representative
of conjugate subgroups and the multiplicity, v,, is a non-
negative integer. The multiplicity 7, can be algebraically
obtained by using the table of marks for H group.1® Eq.2is
a simple example of this formulation.

According to the subduction of the CRs (H(/H,) | H,), we
have defined unit subduced cycle indices (USCIs) as

v,

ZH(/H,) | Hy; ty) = T1(1,,)™ (37)
for p=1,2,....cy and g=1,2,..., ¢y, where the symbol H,
(r=1,2,...,u,) denotes a representative of conjugate subgroups

of H,.19 Note that the ¢ variables are just dummy symbols.
The symbol d,, denotes the length of the H(/H,) orbit
which is in turn represented by
dg = [H,|/|H,|. (38)
In terms of the USCIs (Eq. 37), a subduced cycle index
«(SCI) for each subgroup (H,) is defined as:

ZIHt,) H[Z (/H,) V Ht, )]
= TH(TT,) 1
=1 r=1
= l'q[(tdw) pz::.’ ~ (39)
r=1

for g=1,2,...,¢,4.19

Suppose that mobile moieties belonging to an equivalence
class have the same molecular formula, w;—X"lX"2 X?;‘f,
where || is the number of positions in a mobile moiety and
nytnyt---njx. The number of isomeric moieties is regarded
as the number of such equivalence classes with the same
molecular formula. Let p,, be the number of such isomeric
moieties with the weight w,and H,. Then, p,, is obtained by
means of generating functions,’ i.e.,

Lemma 1. (Calculation of pg).
2 pegwe = ZI(H3t,,) (40)
¢
for g=1,2,...,cy, in which every term of the right-hand side is
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substituted by a figure-inventory:
x|
=xd (41)
r=1

In the light of this lemma, the net number of mobile
moieties (B,,) is obtained by

Lemma 2. (Enumeration of mobile moieties). When

7, 1s an element of the inverse of the mark table, the net

number of mobile moieties (B,,) is obtained by

‘n

&p = Epfqmqp‘ (42)
q=1

Note that we count every pair of antipodes (yg and Yg,).

Appendix 2.

Enumeration of Non-Rigid Isomers. Suppose that the
rigid skeleton of a non-rigid molecule of G-symmetry has | ¢|
substitution positions. If a permutation group Pg acts on
the positions, the action is expressed by

‘c

Pc = 2 0,G(/Gy), (43)
i=1

wherein o; is the multiplicity of the CR, G(/G;). According
to the subduction of the CR,

G(/G)|G; = kéBijij(/ G), (44)
we define a USCI with chirality fittingness as

Z(G(/G) 1 G384) = klfll(&z,k)ﬁ ", (46)
fori=1,2,...,cg and j=1,2,...,c. This USCI is essentially equi-

valent to that described for a mobile moiety. In a similar
way, the subscript for $ is calculated by

=G)|/1Gl. (46)
The dummy variable § is replaced by the variable (a, b, or ¢)
in accord with the chirality fittingness of the participating
CR. The variable (a) is selected when both G; and G are
improper. The variable (b) is adopted, if both Gj and Gy are
proper. The variable (¢) is for the case G;is improper and G

is proper. Since the dummy variable is dependent upon the
ta-th orbit through the corresponding CR, this dependence is
designated by the symbol $$°. The SCI for this case is
obtained in a similar way described in the preceding
sections, i.e.,

[P

= I TZG(G) I G388

_i=1_a=1

(70)

ZI(G;85?)

[

= TIII [1‘[<$ 4 )Pu]

_i=l o=l k=1
(a:#0)

(7= 12...,cq)-

(47)
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A non-rigid compound is regarded as a derivative of a G
rigid skeleton, in which the a-th G(/G;) orbit is substituted
by the moieties of H& that have been enumerated in the
preceding sections.

Suppose that non-rigid molecules belonging to an
equivalence class have the same molecular formula,
W9=XT1X§2---X?;‘{, where |¢| is the number of positions
(roots) in the rigid skeleton and n,+n,+---+nx=| ¢|.

If all the mobile moieties (y&’) and their antipodes (y{’s)
(p=1,2,...,cyw) have the same weight (w{?) the following
lemma can be obtained by a slight modification of the
method described elsewhere.2¥ We arrive at

Lemma 3. (Calculation of g4). Let o, be the number of
such derivatives with weight (W) that are invariant (of
fixed) on the operation of G;. We can estimate o, in terms of
generating functions,’®

SogWe = ZI(G;35”) (48)
]

for j=1,2,...,¢¢ in which every variable of the right-hand side
is substituted by figure-inventories,

al? = Dk (W) for $=a (49)
¢
bi = Sk (w@)% + 23k, (wiN* for $=10b (50)
£ £
and
c§? = D (Wi + 23k (w@)s for $=c, (51)
£ ¢
where kg, and k,, are represented by
K, = 2 BY (52)
p=1
improper
and
K= 2 Bg‘). (53)
p=1

proper

By means of this lemma, we end up with

Theorem 1. (Enumeration of Wy, Gisomers). Let Ay be
the number of W, Gi-isomers. This is calculated by using
oy (Lemma 3) by means of

oy = 2 AeM; (54)
i=1
for j=1.2,..,cc
or inversely,
CG -
A0i = 2 UBiji (55)
J=1

for :=1,2,...,cc

wherein M is the ij-element of the mark table (M) for the
G-group and (M;;) denotes the inverse of the matrix (My).

Use of Different Figure-Inventories
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If we restrict the mobile moieties within achiral ones as
above, we arrive at

Lemma 4. (Calculation of &,). Let &4 by the number of
such derivatives with weight (W,) that are invariant (or
fixed) on the operation of G;, when only achiral mobile
moieties are allowed. We can estimate &, in terms of
generating functions,®

%66 We = ZI(Gjs§?) (56)
0

for j=1,2,...,c¢, in which every variable of the right-hand side
is substituted by a figure-inventory,

$§7 = D (). (57)
4

Using Lemma 4, we can enumerate non-rigid molecules
without any chiral mobile moieties. For this purpose, we
obtain

Corollary 1.
achiral mobile moieties).

(Enumeration of non-rigid isomers with
Let 44 be the number of W,, G;-

isomers without any chiral mobile moieties. This is
calculated from &, (Lemma 4) by means of
L
60,' = 2 A OiMij (58)
=1
for 7=1.2,..cqc,
or inversely,
-~ CG —
Ao = 2 aﬂiMji (59)

J=1

for :=12,..,cc,

wherein M is the ij-element of a mark table (Mj) for the
G-group and (M) denotes the inverse of the matrix (Mj).

Lemmas 3 and 4 affords foundation to the enumeration of
the case concerning derivatives with at least one chiral
mobile moiety. That is to say,

Lemma 5. (Calculation of G,). Let 6, be the number of
such derivatives with weight (W,) that are invariant (or
fixed) on the operation of G4, when permitting achiral as
well as chiral mobile moieties. Then,

N6 We = ZI(G;85?) — ZI(G;;s§Y) (60)
]

for j=1,2,...,c¢, in which every variable of the right-hand side
is given by Lemmas 3 and 4.

In the light of Lemma 5, we can enumerate non-rigid
molecules having at least one chiral mobile moiety. We
arrive at

Corollary 2. (Enumeration of non-rigid isomers with at
least one chiral mobile moiety). Let 4, be the number of
W,, Gisomers with at least one chiral mobile moiety. This
is calculated from &, (Lemma 5) by menas of

c
Gy = 2 Ao M (61)
i=1

for j=1.2,..,cc,
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or inversely,
~ CG [E—
Ao = 2 60i1‘4ji
J=1
for :=1,2,..cq,

wherein M is the ij-element of the mark table (M;) for the
G-group and (M) denotes the inverse of the matrix (Mj).

Appendix 3.

The Total Numbers for Every Weight and for Every
Subsymmetry. When we sum up all 44 over G;, we obtain
the total number (4,) of isomers with W,-weight. That is to

say,
CG CG (‘G _
Ay=3A4e;=2 2 oo; Mj;. (63)
i=1 i=1 j=1

Enumeration of A, can be accomplished by using the
generating function represented by Z‘, AW, This term is
converted as follows:

‘c ‘c

2(2 2 091 jl

=1 j=1

ZAeWa

[

Q

‘G
2 M GaJW(a

i=1

- PR

J

(28 [

=32 (2M, 2 o6 We.

J=1 i=1

Since the last sum of the last side has been given by Eq. 48,
we end up with
Theorem 2.

every weight).

(The total number of non-rigid isomers for

‘c ‘c

=M

=1 =1

2AeWe = () Z1 (Gj;$£f’), (64)
0

in which the SCIs are generated as shown in Lemma 3.
It should be noted that the term, 2 [i» is calculated by

summing up each row of the inverse of the mark table for G.
This terms is zero if G is not a cyclic group. The right-hand
side of Eq. 64 is a cycle index (CI) that is an alternative form
to what is described by Polya.? It should be emphasized that
the present procedure generating USCIs —> SCIs — CI
provides us with a systematic tool for enumeration.24

If we sum up all 4, over Wy, we are able to calculate the
total number (4,) of non-rigid isomers with G;symmetry.
This is expressed by

‘G
= 2 2 Ooisz

8 j=1

(7
4;= XAy = 2 (Xog)M;; (65)
] =1 6
The term in the inner parentheses of the rightmost side can
be estimated by introducing

wg“) =1 for all ¢ and all 1o; Ws=1 (66)
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into the equations of Lemma 3. This operation affords

Lemma 6. (Calculation of 0;), Let g; be the number of
derivatives that are invariant (or fixed) on the operation of
G;. We can estimate o; in the light of

0 = oy = ZI(G;85) (67)
]

for j7=1,2,...,c¢, in which every variable of the right-hand side
is substituted by

add = EK = 3 B;" for $=a (68)
& p=l1
Tmproper
by» = P = 2k, + 2k, )
£
=20 2 B('“)+2 2 B"“)) (69)
¢ _ p=l
Tmproper proper

for $=05b and $=c.

By means of this lemma, we end up with

Corollary 3. (The total number of non-rigid isomers for
every subsymmetry). Let 4; be the total number of G-
isomers. This is calculated by using o; (Lemma 6) by means
of

‘G

4;,= Ro;M;
=1

for :=1,2,..,cc

(70)

wherein the symbol (M;) denotes the inverse of the matrix
(M)
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